The multisymplectic structure of the KP equation is obtained directly from the variational principal. Using the covariant De Donder-Weyl Hamilton function theories, we reformulate the KP equation to the multisymplectic form which proposed by Bridges. From the multisymplectic equation, we can derive a multisymplectic numerical scheme of the KP equation which can be simplified to multisymplectic forty-five points scheme.
Introduction
The generalized Kadomtsev-Petviashvili (GKP) equation is (u t + ∂ x f (u) + u xxx ) x + σu yy = 0 (t > 0, −∞ < x, y < ∞) (1.1) where σ is a constant, f (u) is some smooth function. The usually KP equation occurs for f (u) quadratic and it is regarded as a two-dimensional generalization of the Korteweg-de Vries (KdV) equation. It describes the evolution of long water waves of small amplitude if they are weakly two-dimensional. In the case of f (u) = 3u 2 and σ = −3, Equation (1.1) is usually called the KPI equation, whereas the KPII equation with f (u) = 3u 2 and σ = 3. As a soliton equation important from analytical and numerical point of view, the KP equation is one of the few known completely integrable equations in the multidimensional soliton equations. Thus, in the last few years, considerable attention has been paid to the KP equation. Although considerable interest has been focused on the KP equation, the numerical scheme analysis literature for the KP equation is extremely small. As far as we are aware of, Katsis proposed explicit finite difference method [15] , the results of evolution of lump solution for the KP equation was given by A.A. Minzoni [17] , X.P. Wang et. studied the instability of a generalized KP equation [16] , B.F. Feng and T. Mitsui took the linearized implicit method to the KP equation [13] .
In this paper, we try describe KP equation in the language of multisymplectic geometry. Recently, for first order field theory, i.e., the Lagrangian density depends on the state variables and their first order derivatives, Marsden, Patrix and Shkoller [7] derived numerical methods for the first order field theories. However the lagrangian density of the KP equation is not first-order, therefore MPS theory can not be applied directly. In [10] , the authors focus their attention on the KdV equation whose Langrangian density is second order. The langrangian density of the KP equation is truly third-order. In this paper, we give the multisymplectic structure of the KP equation directly from the variational principal. In [5] , the author proposed the Cartan form is not necessarily unique, we find it was caused by higher-order mixed multiple integral in using Stokes' formula in actually calculus variation.
In Lagrange mechanics, we know the Euler-Lagrange equation can be write as where H = p iqi − L(q i ,q i , t). With the covariant De Donder-Weyl Hamilton function theories [18] , we can reformulate the partial differential equation to the following form
where π µ i = ∂L ∂∂µq i . According to this methods, we can rewrite KP equation to the multisymplectic form that introduced by Bridges [3] .
Multisymplectic equation have the important multisymplectic conservation laws. In the numerical study, we also hope that the numerical approximations can preserve the multisymplectic conservation laws. Similar to the method [9] , we show that the Preissman scheme is a multisymplectic scheme for the KP equation. Though the Preissman scheme is multisymplectic, it need more computational memory, so we reduce it to a multisymplectic forty-five points scheme. Using the forty-five points scheme, we get some numerical results on soliton and solitary waves over long time intervals.
In section 2, we describe the multisymplectic geometry of the KP equation entirely in the framework of the variational principal. Section 3 is devoted to the analysis of multisymplectic Preissman scheme and reduce it to a multisymplectic forty-five points scheme . In section 4, some numerical results on soliton and solitary waves over long time intervals be given.
Multisymplectic Geometry of the KP Equation
We now review some aspects of multisymplectic geometry.
Let X be an orientable (n + 1)-dimensional parameter space ( which is usually space time ) and let π XY : Y → X be a fiber over X. Section ϕ : X → Y of this covariant configuration bundle is the physical fields. Coordinates on X are denoted by x µ , µ = 1, 2, · · · , n, 0. In general, x 0 denotes the time coordinate. The parameter n denotes the number of spatial variables. In this paper, we just discuss the case of n > 0. Adapted coordinates on Y are y A along the fibers Y x = π −1 XY (x), x ∈ X, A = 1, 2, · · · , N . N denote the fibers dimensions. Consider a k th order lagrangian density L, viewed as a fiber-preserving map L : J k Y → ∧ n+1 X. J k (Y ) denote the k th -order jet bundle over Y which can be induced by J 1 (· · · (J 1 (Y ))). We let T x X denote the tangent space of X at x. Denote the derivative of the map π XY in the direction w by T π XY · w.
At first, we introduce the first jet bundle. Definition 2.1 The first jet bundle over Y is a fiber bundle denoted by J 1 (Y ) whose fiber over y ∈ Y x = π −1 XY (x), x ∈ X consists of those linear mappings γ :
Similarly, higher order jet bundle J m (Y ) is defined by J 1 (J m−1 (Y )). Definition 2.2 The k th -order jet bundle over Y is a fiber bundle denoted by J k (Y ) whose fiber over γ ∈ J k−1 (Y ) y , y ∈ Y consists of those linear mappings s :
Given a k th -order lagrangian density L : J k Y → ∧ n+1 x, the basis geometric object in the classical calculus of variations is the (n + 1)-form θ L on J 2k−1 (Y ), which was called the Cartan form.
The KP equation can be written as
The 2 multiplying u t is added for notational convenience, it can be eliminated by scaling t. In this paper, we consider the KPI equation.
To put the KP equation in the variational frame work, we let ϕ xx = u, then ϕ satisfies equation:
2ϕ xxxt + 6ϕ xx ϕ xxxx + 6ϕ
The search for a variational principle is equivalent to the inverse problem of the calculus of variations, i.e., the existence and formulation of variational principles for systems of nonlinear partial differential equations. The existence of a variational principle for a differential equation is equivalent to determining whether or not an operator is a potential operator. According to Vainberg theorem [2] , in order that operator N be potential operator, to summarize, it is necessary and sufficient that the Gateau derivative of the operator N is symmetry. The theorem stated in terms of the Gateau derivative, but we assume that the Frechet derivative exists in application. Let N is an operator which defined in an appropriate function space E (typically E is Banach space), then N be potential operator if N ′ u =Ñ ′ u , where
If the operator is a potential operator, the potential F is given by
where dV represents integration over the physical domain and 1 0 dλ represents integration over the scalar variable λ. We test the operator
To obtain F (u) in a more familiar form, integrate by part and discard the integration over the boundary since it has nothing with the Lagrangian density, then we get potential
So we can determined that the Lagrangian density for equation
Corresponding to Lagrangian density L(j 3 (ϕ)), the action function is defined as following:
Let G be the Lie group of π XY bundle automorphisms η Y covering η X . Denote η λ Y an smooth path in G such that
We say that ϕ is a extremum of S is
Now we consider the variation
A direct computation shows
in which
3)
(2.4) In [5] , the author introduced the Lepagean equivalents which is a generalization of the Poincare-Cartan form and proposed the Carton form is not necessarily unique for higher order. The author also pointed out that every Lagrangian density has a Lepagean equivalent on J 2k−1 Y . It turns out that Lepagean equivalents exists on jet bundles of order 2k − 1 or higher, but not necessarily on jet bundle of lower order. The author presented that: As being the principal part of a Lepagean equivalents, the Cartan form always exist and are typically nonunique unless k = 1. we find it is caused by the higherorder mixed multiple integral in using Stokes' formula in actually calculus of variations. By I 2 , we can define a Cartan form
we have
Now, we consider the Euler-Lagrange equation for the action function S(ϕ).
in which symbol £ denotes the Lie derivative.
By the Cartan's Magic formula [6] 
We can obtain
If V is a vector field with compact support, we have
Hence, a necessary condition for ϕ to be an extremum is that
for any V with compact support. By compute the integral and obtain that
Remark: We can get the Euler-lagrange equation from the vertical variation V ϕ , and the V x and V y directions horizontal variations gives the law of conservation of momentum. The law of conservation of energy can be obtained along time-direction horizontal variation.
Taking the π XY -vertical vector field V and using the standard method from the calculus of variations, we obtain that ϕ satisfies 2ϕ xxxt + 6ϕ xx ϕ xxxx + 6ϕ
i.e., the equation (2.2). So, for any vector field V ,
holds. A short computation verifies that
where P ∈ T J 5 (Y ) and is
So, by (2.8)-(2.10), if ϕ is an extremum of S, j 5 (ϕ) * (W ⌋Ω L ) mush vanish for any vector field W ∈ T J 5 (Y ), thus, we get the Euler-lagrange equation
for any vector field W ∈ T J 5 (Y ). In the following part, we consider the multisymplectic form formula and a corollary of the multisymplectic form formula. About the multisymplectic form formula for first order field theories, please refer to [11] . Theorem 2.3 let η λ Y and ξ λ Y demote two one-parameter symmetry groups of equation (2.11) and the corresponding vector fields are V and W . Then we have the multisymplectic form formula
(2.13)
Because η λ Y and ξ λ Y are two one-parameter symmetry groups of equation (2.11), so for any vector field Q ∈ T J 5 (Y ), we have
14)
Thus (2.13) becomes
(2.16)
(2.17) So from stokes' formula we can obtain that
(2.20)
Hence, by (2.14) and (2.16), we obtain
Although the covariant Legendre transformation ( or complete Legendre transformation ) which transform time and space variable simultaneously are not necessarily unique, for this fixed Cartan form θ L , we can construct corresponding covariant Lengendre transformation of Lagrangian density L. Let v = ϕ x , u = ϕ xx , w = ϕ xy , p = ϕ xt , taking the covariant Legendre transform of Lagrangian density L:
According to the covariant De Donder-Weyl Hamilton function theories [18] and the multisymplectic concept introduced by Bridges [3] , KP equation can be reformulated as a system of ten first-order partial differential equations which can be written in the form: 
∇S is the gradient of S with respect to the standard inner product on R 10 . The system (2.21) is a Hamiltonian formulation of the KP equation on a multisymplectic structure. Although this formulation is not the best, we give a constructive method to get multisymplectic form which proposed by Bridges [3] . It should be pay attention that (2.21) is different with the multisymplectic form of KP equation in [4] . For equation (2.21) , there is a conservation law 
By the Stokes' formula, we can obtain
If we let 
and set 
Also since the translation invariance of the KP equation, we choose V = W = ϕ and take it into (2.26), conservation law (2.26) becomes:
(2.27) i.e. the conservation law (2.23).
In the numerical study, the multisymplectic conservation law can be used to design multisymplectic numerical schemes, i.e., numerical schemes which can preserve the multisymplectic conservation law.
Multisymplectic Preissman Scheme for the KP Equation
In this section, we consider the multisymplectic Preissman scheme for the KP equation. The equation (2.21) can be reformulated as
For convenience, we assumed that the spacing of the grid points in the x, y, t directions is uniform respectively. We apply the implicit midpoint discretization in time and in space to (3.1) , and obtain that: 
Although the Preissman scheme (3.3) is multisymplectic, it took too efforts to realize. Hence we elimate the auxiliary variables ϕ, v, w, p, p x , p xx , p xy , p xt , p xxx by a trivial computation and obtain the following multisymplectic forty-five points scheme: 
where we denote u k i,j = u(i△x, j△y, k△t), f k i,j = 3(u(i△x, j△y, k△t)) 2 and
Some Numerical Results on Soliton and Solitary Waves
In this section, we test the forty-five points scheme on soliton and solitary waves over long time intervals. At first, one line soliton of KPI equation is considered. We choose small interval on y-direction just for computing convenience, it have nothing with the scheme and result. We take the following initial conditions u(x, y, 0) = 2sech
and the exact boundary condition. The KPI equation has the theoretic solution
which represents one line-soliton propagating with the velocity Figure 1 shows the initial condition and Figure 2 shows the numerical solution at time t = 10 . In fact, it propagating 25-unit distant as we indicated.
Next we try two line-soliton interaction. We take the initial condition u(x, y, 0) = 2 Figure 3 . The larger line-soliton on the right will moves with a velocity 3.0 to the positive x-direction and the smaller one on the left will moves with a velocity 1.0 to inverse direction. As time go on, they will collide with each other, it is show in Figure 4 . Figure 5 shows that the two line-solitons have separated completely after collide and restored their original shape by the t = 3. where the parameters µ 2 =1.0, x 0 =10.0, y 0 =10.0, and we adopt the exact boundary condition. Figure 6 shows the initial condition and figure 7 shows the numerical solution at time t = 0.5. By the time t = 1, the result is showed in figure 8 . According to (4.4) , this lump type solitary wave will move to the positive x-direction with velocity 3µ 2 . We can see the moving of the lump solitary wave from the graph. A future task is expected to find a proper numerical boundary conditions for collision of the two lump type solitary waves.
